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LOCALLY UNMIXED MODULES AND LINEARLY EQUIVALENT
IDEAL TOPOLOGIES
MONA BAHADORIAN, MONIREH SEDGHI AND REZA NAGHIPOUR∗
Abstract. Let R be a commutative Noetherian ring, and let N be a non-zero finitely
generated R-module. The purpose of this paper is to show that N is locally unmixed
if and only if, for any N -proper ideal I of R generated by htN I elements, the topology
defined by (IN)(n), n ≥ 0, is linearly equivalent to the I-adic topology.
1. Introduction
Let R denote a commutative Noetherian ring, I an ideal of R and N a non-zero finitely
generated R-module. We denote by R[It] (resp. R[It, u]) the graded ordinary (resp.
extended) Rees ring ⊕n∈N0I
ntn (resp. ⊕n∈ZI
ntn) of R with respect to I, where t is an
indeterminate and u = t−1. Also, the graded ordinary Rees module ⊕n∈N0I
nN over R[It]
(resp. graded extended Rees module ⊕n∈ZI
nN over R[It, u]) is denoted by N [It] (resp.
N [It, u]), which is finitely generated. For any multiplicatively closed subset S of R, the
nth (S)-symbolic power of I with respect to N , denoted by S(InN), is defined to be
the union of InN :N s where s varies in S. The I-adic filtration {I
nN}n≥0 and the
(S)-symbolic filtration {S(InN)}n≥0 induce topologies on N which are called the I-adic
topology and the (S)-symbolic topology, respectively. These two topologies are said to be
linearly equivalent if, there is an integer k ≥ 0 such that S(In+kN) ⊆ InN for all integers
n. In particular, if S = R \
⋃
{p ∈ mAssR N/IN}, where mAssR N/IN denotes the set of
minimal prime ideals of AssR N/IN , the nth (S)-symbolic power of I with respect to N ,
is denoted by (IN)(n), and the topology defined by the filtration {(IN)(n)}n≥0 is called
the symbolic topology. The purpose of this paper is to show that N is locally unmixed if
and only if, for each N -proper ideal I that is generated by htN I elements, the I-adic and
the symbolic topologies are linearly equivalent.
P. Schenzel has characterized unmixed local rings [19, Theorem 7] in terms of compari-
son of the topologies defined by certain filtrations. Also, D. Katz [9, Theorem 3.5] and J.
Verma [21, Theorem 5.2] have proved a characterization of locally unmixed rings in terms
of s-ideals. Equivalence of I-adic topology and (S)-symbolic topology has been studied,
in the case N = R, in [9, 15, 19, 18, 17], and has led to some interesting results.
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Let p ∈ Supp(N). Then N -height of p, denoted by htN p, is defined to be the supremum
of lengths of chains of prime ideals of Supp(N) terminating with p. We have htN p =
dimRp Np. We shall say an ideal I of R is N -proper if N/IN 6= 0, and, when this is the
case, we define the N -height of I (written htN I) to be
inf{htN p : p ∈ Supp(N) ∩ V (I)}
(= inf{htN p : p ∈ AssR(N/IN)}).
If (R,m) is local, then R̂ (resp. N̂) denotes the completion of R (resp. N) with respect
to the m-adic topology. In particular, for any p ∈ Spec(R), we denote R̂p and N̂p the
pRp-adic completion of Rp and Np, respectively. Then N is said to be an unmixed module
if for any p ∈ AssR̂ N̂ , dim R̂/p = dimN . More generally, if R is not necessarily local and
N is non-zero finitely generated, N is a locally unmixed module if for any p ∈ Supp(N),
Np is an unmixed Rp-module.
As the main result of this paper we characterize the locally unmixed property of a non-
zero finitely generated R-module N in terms of the linearly equivalence of the topologies
defined by {InN}n≥0 and {(IN)
(n)}n≥0, for certain N -proper ideals I of R. More precisely
we shall show that:
Theorem 1.1. Let R be a Noetherian ring and N a non-zero finitely generated R-module.
Then the following conditions are equivalent:
(i) N is locally unmixed.
(ii) For each N-proper ideal I of R that is generated by htN I elements, the topology
given by {(IN)(n)}n≥0 is linearly equivalent to the I-adic topology on N .
One of our tools for proving Theorem 1.1 is the following, which plays a key role in this
paper. Recall that a prime ideal p of R is called a quitessential prime ideal of I with re-
spect to N precisely when there exists q ∈ AssR̂p N̂p such that Rad(IR̂p + q) = pR̂p.
The set of quitessential primes of I is denoted by Q(I, N). Then, the set of es-
sential primes of I with respect to N , denoted by E(I, N), is defined to be the set
{q ∩R | q ∈ Q(uR[It, u], N [It, u])}.
Theorem 1.2. Let R denote a Noetherian ring, N a non-zero finitely generated R-module
and I a N-proper ideal of R such that E(I, N) = mAssR N/IN . Then, the I-adic topology
{InN}n≥0 and the topology defined by {(I
nN)(n)}n≥0 are linearly equivalent.
The proof of Theorem 1.2 is given in 1.13.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero
identity, N will be a non-zero finitely generated R-module, and I will be an N -proper
ideal of R, i.e., N/IN 6= 0. For each R-module L, we denote by mAssR L the set of
minimal primes of AssR L. For any ideal J of R, the radical of J , denoted by Rad(J), is
defined to be the set {x ∈ R : xn ∈ J for some n ∈ N}. For any unexplained notation
and terminology we refer the reader to [6] or [12].
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2. The Results
The main result of this section is to show that a non-zero finitely generated module
N over a Noetherian ring R is locally unmixed if and only if, for any N -proper ideal I
of R that can be generated by htN I elements, the topologies defined by {I
nN}n≥0 and
{(IN)(n)}n≥0, on N , are linearly equivalent. We begin with the following remark.
Remark 2.1. Let R be a Noetherian ring and N a finitely generated R-module. For a
submodule M of N and an ideal I of R, the increasing sequence of submodules
M ⊆ M :N I ⊆ M :N I
2 ⊆ · · · ⊆ M :N I
n ⊆ · · ·
becomes stationary. Denote its ultimate constant value by M :N 〈I〉. Note that M :N
〈I〉 = M :N I
n for all large n. Let
M = Q1 ∩ · · · ∩Qr ∩Qr+1 ∩ · · · ∩Qs
be an irredundant primary decomposition of M , with I ⊆ Rad(Qi :R N), exclusively for
r + 1 ≤ i ≤ s. Then, from the definition, it easily follows that M :N 〈I〉 = Q1 ∩ · · · ∩Qr.
Therefore
AssR N/(M :N 〈I〉) = {p ∈ AssR N/M : I * p} = AssR(N/M) \ V (I).
Now we can state and prove the following lemma. Here DI(L) denotes the ideal trans-
form of the R-module L with respect to an ideal I of R (see [5, 2.2.1]).
Lemma 2.2. Let (R,m) be local (Noetherian) ring, I an ideal of R and N a non-zero
finitely generated R-module such that depthN > 0. Then, for all integers n ≥ 0, we have
InN :N 〈m〉 ⊆ Dm(I
nN).
Proof. The assertion follows from [5, Corollary 2.2.18] and the fact that depth InN > 0
for all integers n ≥ 0. 
The next result concerns the associated prime ideals of the Rees module N [It] for a
non-zero finitely generated module N over a Noetherian ring R and an ideal I in R.
Proposition 2.3. Let R be a Noetherian ring, I an ideal of R and N a non-zero finitely
generated R-module. Then
AssR[It] N [It] = {⊕n≥0(I
n ∩ p) : p ∈ AssR N}.
Proof. Let q ∈ AssR[It] N [It]. Then in view of [6, Lemma 1.5.6] there exists a homogenous
element x of N [It] such that q = AnnR[It] x. Suppose that x ∈ I
vN for some integer
v ≥ 0. Then we have
q = (0 :R[It] x) = ⊕n≥0(0 :R x) ∩ I
n.
Now, it is easy to see that p := (0 :R x) is a prime ideal of R and so p ∈ AssR N . Hence
q = ⊕n≥0(I
n ∩ p) for some p ∈ AssR N . Conversely, let p ∈ AssR N and p = (0 :R x) for
an element x ∈ N . Then
q := (0 :R[It] x) = ⊕n≥0(I
n ∩ p)
is a prime ideal of AssR[It] N [It], because R[It]/q ∼= R/p[(I + p/p)t] is a domain. 
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Definition 2.4. Let R be a Noetherian ring and N an R-module. A decreasing sequence
{Nn}n≥0 of submodules of N is called a filtration of N . If I is an ideal of R, then the
filtration {Nn}n≥0 is called I-filtration whenever INn ⊆ Nn+1 for all integers n ≥ 0.
Lemma 2.5. Let R be a Noetherian ring, I an ideal of R and N an R-module. Let
{Nn}n≥0 be an I-filtration of submodules of N such that the ordinary Rees module N [It]
is finitely generated over R[It]. Then there exists an integer k such that Nn+k = I
nNk,
for all integers n ≥ 0.
Proof. The result follows easily from [7, Lemma 2.5.4]. 
Corollary 2.6. Let (R,m) be a local (Noetherian) ring and I an ideal of R. Let N be
an R-module and set Nn = I
nN :N 〈m〉 for each integer n ≥ 0. Suppose that the module
⊕n≥0Nn is finitely generated over the ordinary Rees ring R[It]. Then there is an integer
k such that In+kN :N 〈m〉 ⊆ I
nN , for all integer n ≥ 0.
Proof. As I(InN :N 〈m〉) ⊆ I
n+1N :N 〈m〉, for all integers n ≥ 0, the claim follows from
Lemma 2.5. 
Definition 2.7. Let (R,m) be a local (Noetherian) ring, I an ideal of R and N an
R-module. We define the R-module D(I, N) as the following:
D(I, N) :=
⊕
n≥0Dm(I
nN).
As Dm(.) is an R-linear and left exact functor, it follows that {Dm(I
nN)}n≥0 is a de-
creasing sequence and I Dm(I
nN) ⊆ Dm(I
n+1N) for all integers n ≥ 0. Hence D(I, N) is
an R[It]-module, by Lemma 2.5.
Lemma 2.8. Let R be a Noetherian ring, I an ideal of R and N a finitely generated
R-module. Then the following conditions are equivalent:
(i) DI(N) is a finitely generated R-module.
(ii) For all p ∈ AssR N , the R/p-module DI(R/p)(R/p) is finitely generated.
Proof. See [4, Lemma 3.3]. 
Proposition 2.9. Let (R,m) be a local (Noetherian) ring, I an ideal of R and N a finitely
generated R-module. Then the following conditions are equivalent:
(i) D(I, N) is a finitely generated R[It]-module.
(ii) For all p ∈ AssR N , the module ⊕n≥0Dm(I
n + p/p) is finitely generated over the
Rees ring R/p[(I + p/p)t].
Proof. In order to prove the implication (i) =⇒ (ii), suppose that p ∈ AssR N . Then in
view of Proposition 2.3, there exists q ∈ AssR[It](⊕n≥0I
nN) such that q = ⊕n≥0(I
n ∩ p).
Since
D(I, N) ∼= Dm(⊕n≥0I
nN) ∼= DmR[It](⊕n≥0I
nN)),
is a finitely generated R[It]-module, it follows from Lemma 2.8 that the R[It]/q-module
Dm(R[It]/q)(R[It]/q) is finitely generated. Now, as
R[It]/q ∼= R/p[(I + p/p)t], and Dm(R[It]/q)(R[It]/q) ∼= ⊕n≥0 Dm(I
n + p/p),
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we deduce that the R/p[(I + p/p)t]-module ⊕n≥0 Dm(I
n + p/p) is finitely generated.
Now, we show the conclusion (ii) =⇒ (i). To do this end, let q ∈ AssR[It]N [It]. Then,
by virtue of Proposition 2.3, there exists p ∈ AssR N such that q = ⊕n≥0(I
n ∩ p). Since
R[It]/q ∼= R/p[(I + p/p)t] and Dm(R[It]/q)(R[It]/q) ∼= ⊕n≥0Dm(I
n + p/p),
it follows from Lemma 2.8 that the R[It]-module DmR[It](N [It]) is finitely generated, and
so the R[It]-module ⊕n≥0Dm(I
nN) is finitely generated, as required. 
The next proposition gives us a criterion for the finiteness ofR[It]-moduleDmR[It](N [It]),
whenever (R,m) is a local ring and N is a finitely generated module over R. To this end,
let us, firstly, recall the important notion analytic spread of I with respect to N , over a
local ring (R,m), introduced by Brodmann in [3]:
l(I, N) := dimN [It]/(m, u)N [It],
in the case N = R, l(I, N) is the classical analytic spread l(I) of I, introduced by
Northcott and Rees (see [14]).
Proposition 2.10. Let (R,m) be a local (Noetherian) ring and I an ideal of R. Let N be
a finitely generated R-module such that l(IR̂ + p/p) < dim R̂/p for all p ∈ AssR̂ N̂ . Then
the R[It]-module DmR[It](N [It]) is finitely generated, and depthN > 0.
Proof. It is easy to see that
DmR[It](N [It])⊗R[It] R̂[(IR̂)t] ∼= DmR̂[(IR̂)t](⊕n≥0I
nN̂),
and so by faithfully flatness of R̂[(IR̂)t] over R[It], it is enough for us to show that the
R̂[(IR̂)t]-module ⊕n≥0DmR̂[(IR̂)t](I
nN̂) is finitely generated. In order to do this, in view of
Proposition 2.9, it is enough to show that ⊕n≥0Dm(I
nR̂ + p/p) is finitely generated over
R̂/p[(IR̂ + p/p)t] for all p ∈ AssR̂ N̂ . But this follows easily from [19, Proposition] and
the assumption l(IR̂ + p/p) < dim R̂/p. 
Remark 2.11. Before bringing the next result we fix a notation, which is employed by
P. Schenzel in [18] in the case N = R. Let S be a multiplicatively closed subset of a
Noetherian ring R. For a submodule M of a finitely generated R-module N , we use
S(M) to denote the submodule
⋃
s∈S(M :N s). Note that the primary decomposition of
S(M) consists of the intersection of all primary components of M whose associated prime
ideals do not meet S. In other words
AssR N/S(M) = {p ∈ AssR N/M : p ∩ S = ∅}.
In particular, if S = R \
⋃
{p ∈ mAssR N/IN}, then for any n ∈ N, S(InN) is denoted
by (IN)(n), where I is an ideal of R.
The following lemma is needed in the proof of Theorem 2.13.
Lemma 2.12. Let R be a Noetherian ring and N an R-module. Let M and L be two
submodules of R such that Mp ⊆ Lp for all p ∈ AssR N/L. Then M ⊆ L.
Proof. The assertion follows from the fact that AssR(M + L/L) ⊆ AssR N/L. 
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Following, we investigate a fundamental characterization for linearly equivalence be-
tween the I-adic and symbolic topologies on a finitely generated R-module N , for certain
ideal I of R. This result plays a key role in the proof of the main theorem.
To this end, recall that, in [16], L.J. Ratliff, Jr., (resp. in [2] Brodmann) intro-
duced the interesting set of associated primes A¯∗(I) := AssR R/(I
n)a (resp. A
∗(I, N) :=
AssR N/I
nN), for large n. Here Ia denotes the integral closure of I in R, i.e., Ia is the ideal
of R consisting of all elements x ∈ R which satisfy an equation xn+ r1x
n−1+ · · ·+ rn = 0,
where ri ∈ I
i, i = 1, . . . , n.
Moreover, recall that a local ring (R,m) is said to be a quasi-unmixed ring if for every
p ∈ mAss R̂, the condition dim R̂/p = dimR is satisfied.
Theorem 2.13. Let R be a Noetherian ring, I an ideal of R and let N be a finitely gener-
ated R-module such that E(I, N) = mAssR N/IN . Then, the I-adic topology, {I
nN}n≥0
and the topology defined by the filtration {(IN)(n)}n≥0 are linearly equivalent.
Proof. Let q ∈ A∗(I, N) \ mAssR N/IN and let z ∈ AssR̂q N̂q. Then, by assumption,
q /∈ E(I, N). Hence, in view of [1, Lemma 3.2], qRq /∈ E(IRq, Nq), and so it follows
from [1, Proposition 3.6] that qR̂q/z /∈ E(IR̂q + z/z). Thus by virtue of [11, Lemma 2.1],
qR̂q/z /∈ A¯∗(IR̂q + z/z). As R̂q/z is quasi-unmixed, it follows from McAdam’s result [10,
Proposition 4.1] that
l(IR̂q + z/z) < dim R̂q/z. (†)
Now, we show that there exists a non-negative integer k such that (IN)(n+k) ⊆ InN
for all integers n ≥ 0. To do this, it is easy to see that, (IN)
(s)
p ⊆ (I
sN)p for all p ∈
mAssR N/IN and for all integers s ≥ 0. Moreover, if for every q ∈ A
∗(I, N)\mAssR N/IN
there exists an integer kq such that
(IN)
(n+kq)
q ⊆ (InN)q,
then by considering
k := max{kq : q ∈ A
∗(I, N) \mAssR N/IN},
one easily sees that (IN)(n+k) ⊆ InN . Since both A∗(I, N) and mAssR N/IN behave well
under localization, we may assume by localizing at q that (R,m) is a local ring.
Now, we use induction on dimN/IN := d. It is clear that d ≥ 1. Now, if d = 1,
then, as AssR N/IN ⊆ SuppN/IN and m ∈ SuppN/IN it follows that the only possible
embedded prime of AssR N/IN is m, and so in view of Remark 2.1 we have
IsN :N 〈m〉 = (IN)
(s)
for all integers s ≥ 0. Next, it follows from (†) and Proposition 2.10 that the R[It]-module
⊕n≥0Dm(I
nN) is finitely generated and depthN > 0. Hence in view of Lemma 2.2, the
module ⊕n≥0(I
nN :N 〈m〉) is finitely generated over the Rees ring R[It], and so by virtue
of Corollary 2.6, there exists an integer t such that In+tN :N 〈m〉 ⊆ I
nN for all integers
n ≥ 0. Therefore (IN)(n+k) ⊆ InN , and so the result holds for d = 1.
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We therefore assume, inductively, that d > 1 and the result has been proved for smaller
values of d. If q 6= m and q ∈ A∗(I, N), then
dimNq/INq = htN/IN q < htN/IN m = dimN/IN = d.
Hence by induction hypothesis, there exists a non-negative integer kq such that
(IN)(n+kq)q ⊆ (I
nN)q,
for all integers n ≥ 0. Now, in view of Remark 2.1,
AssR N/(I
nN :N 〈m〉) = AssR N/I
nN \ V (m),
it follows that for all q ∈ AssR N/(I
nN :N 〈m〉), there exists a non-negative integer kq
such that
(IN)
(n+kq)
q ⊆ (InN)q ⊆ ((I
nN)q :Nq 〈mRq〉),
for all integers n ≥ 0. Hence by considering
k := max{kq : q ∈ AssR N/(I
nN :N 〈m〉)},
we get
(IN)(n+k)q ⊆ (I
nN)q :Nq 〈mRq〉,
for all q ∈ AssR N/(I
nN :N 〈m〉) and all integers n ≥ 0. Therefore, by virtue of the
Lemma 2.12, we have
(IN)(n+k) ⊆ (InN) :N 〈m〉.
On the other hand, in view of Corollary 2.6, there exists an integer s ≥ 0 such that
In+sN :N 〈m〉 ⊆ I
nN
for all integers n ≥ 0. Consequently
(IN)(n+k+s) ⊆ In+sN :N 〈m〉 ⊆ I
nN,
for all integers n ≥ 0, and thus the topologies defined by the filtrations {InN}n≥0 and
{(IN)(n)}n≥0 are linearly equivalent. 
We are now ready to state and prove the main theorem of this paper, which is a new
characterization of locally unmixed modules in terms of comparison of the topologies
defined be certain decreasing families of a submodules of finitely generated modules over
a commutative Noetherian ring. One of the implications in the proof of this theorem
follows from [13, Theorem 3.2].
Theorem 2.14. Let R be a Noetherian ring and N a non-zero finitely generated R-
module. Then the following conditions are equivalent:
(i) N is locally unmixed.
(ii) For any N-proper ideal I of R generated by htN I elements, the I-adic topology is
linearly equivalent to the symbolic topology.
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Proof. The implication (ii) =⇒ (i) follows easily from [13, Theorem 3.2]. In order to
prove the conclusion (i) =⇒ (ii), let I be an N -proper ideal of R which is generated
by htN I elements. Then, in view of Theorem 2.13 it is enough for us to show that
E(I, N) = mAssR N/IN . Suppose that p ∈ E(I, N), and we show that p ∈ mAssR N/IN .
Let htN I := n. Then by [13, Theorem 2.1], there exist the elements x1, . . . , xn in I such
that htN(x1, . . . , xi) = i for all 1 ≤ i ≤ n. As, in view of [13, Corollary 3.11], x1, . . . , xn
is an essential sequence on N , and the fact that egrade(I, N) ≤ htN I, it follows that
egrade(I, N) = n. Now, analogous to the proof of [8, Theorem 125], it is easy to see that
I can be generated by an essential sequence of length n. Therefore by [13, Lemma 3.8],
we have p ∈ mAssR N/IN , and so E(I, N) ⊆ mAssR N/IN . As the opposite inclusion is
obvious, the result follows. 
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